Inverse Problems 9 (1993), pp. 737-747.

Hamiltonian structures of the Melnikov system and its reductions

Walter Oevel Department of Mathematical Sciences University of Technology Loughborough, LE11 3TU, U.K.

Jurij Sidorenko University of Lwow Faculty of Mathematics and Mechanics 290 000 Lwow, Ukrainia

Walter Strampp Fachbereich 17–Mathematik/ Informatik GH–Universität Kassel Holländische Str. 36 3500 Kassel, Germany

Abstract

The bi-Hamiltonian structure of an integrable dynamical system introduced by Melnikov is studied. This equation arises as a symmetry constraint of the KP hierarchy via squared eigenfunctions and can be understood as a Boussinesq–system with a source. The standard linear and quadratic Poisson brackets associated with the space of pseudo-differential symbols are used to derive two compatible Hamiltonian operators. Via reduction techniques a bi- Hamiltonian formulation for the Drinfeld-Sokolov system is derived.

1 Introduction

The interrelations between 1 + 1–dimensional integrable systems and 1 + 0–dimensional integrable systems are well known in soliton theory. Many finite dimensional integrable Hamiltonian systems can be obtained by reduction schemes involving pole expansions, stationary flows or reductions to pure soliton manifolds [1–5]. An early example for the latter scheme is provided by the restriction of the KdV flow to the pure multisoliton manifold where the KdV potential u is identified with the squared eigenfunctions ψ^2 [5]. This identification has been systematically developed to a nonlinearization procedure [6–10]. Since the quantity ψ^2 can be viewed as the gradient of the (conserved) spectral parameter the restriction has been generalized to the identification of an arbitrary KdV symmetry with ψψ_x. An important step in proving the integrability of those reduced systems was the discovery of the Lax pair

[∂^2 + u, B + ψ∂^{−1}ψ^∗] = 0 , (1.1) where B is a differential operator commuting with the Schrödinger operator up to terms of zero order. This has been generalized to n-th order operators [11–13].

It is also possible to reduce soliton equations in 2 + 1 dimensions to simpler integrable equations in 1 + 1 dimensions [14–19]. The KP equation as a two–dimensional generalization of the KdV is the most widely considered example. Here the quantity (ψψ^∗)_x with eigenfunctions ψ and adjoint eigenfunctions ψ^∗ plays the role of a symmetry generator which is identified with a KP symmetry. Through such symmetry constraints the whole KP hierarchy is restricted to hierarchies of commuting flows in 1 + 1 dimensions. Instead of a differential operator l of order n a pseudo–differential operator

L = l + ψ∂^{−1}ψ^∗ (1.2)

with a so–called source term gives rise to a Lax formulation. Recently, starting from this observation the bi–Hamiltonian structure of the reduced hierarchies has been revealed. The first three cases, i.e. the order n = 1, 2, 3 have been considered in various papers [17–19]. They are leading to the AKNS, the Yajima–Oikawa and the Melnikov systems, respectively.

The aim of this paper is to derive the bi-Hamiltonian structures of the Melnikov system and the Drinfeld-Sokolov system which arises as a reduction. These results are derived from a more general background presented in [25], where a general construction of the bi-Hamiltonian structure associated with Lax operators of the form (1.2) is given. There it was found that the standard linear and quadratic Poisson brackets on the space of pseudo-differential symbols admit proper restrictions to operators with a pseudo-differential part of the special form indicated in (1.2). It turns out that because of the special parametrization by a pair of eigenfunctions and adjoint eigenfunctions the abstract quadratic bracket becomes non-local. A suitable representation of the Hamiltonian structures is given in [25], here we apply these results to the special case of third order operators and the associated Melnikov hierarchy. Although a straightforward application of the general theory, the required computations are cumbersome. The Hamiltonian operators derived from the general abstract brackets are given explicitly in Sections 2,3 and 4.

In Section 2 the results associated with the purely differential third order Lax operator l = ∂^3 + p_1∂ + p_0 are reviewed. The corresponding integrable nonlinear soliton equation is the Boussinesq system which may be regarded as a Melnikov system without source. The well known bi-Hamiltonian structure is given by the standard linear Lie-Poisson bracket and the quadratic Gelfand-Dikii bracket associated with differential operators.

In Section 3 a pseudo-differential term is added to the Lax operator which results in an additional source term in the Boussinesq system. This set of equations, together with the corresponding time evolutions of the (adjoint) eigenfunctions, represents the Melnikov system. We use the abstract brackets of [25] to derive two Hamiltonian operators for the corresponding hierarchy of equations.

In Section 4 the reduction of the Melnikov hierarchy to the Drinfeld-Sokolov system and its higher flows is considered. Here the first higher symmetry is interesting in its own right, since it represents the Kupershmidt equation coupled with a source term. The standard process of Dirac reduction yields a simple local Hamiltonian operator from the (non-local) second Hamiltonian structure of the Melnikov hierarchy. The first Poisson bracket cannot be reduced this way. Nevertheless a further (symplectic) Hamiltonian formulation of the Drinfeld-Sokolov system is obtained by generating a symplectic operator from the two Hamiltonian operators of the

Melnikov system. A simple pull-back of this structure through the reduction yields the desired result.

In Section 5 we mention that the systems considered here arise as symmetry reductions of the 2+1 dimensional Kadomtsev-Petviashvili (KP) equation with a symmetry generated by squared eigenfunctions. Conversely, the 1+1 dimensional hierarchies provide non-trivial factorizations of the KP, in that a simultaneous solution of two 1+1 dimensional flows satisfy the KP equation.

Finally, we remark that these studies can be generalized easily to the case of orders n > 3 for the Lax operator L.

2 The Boussinesq system

Let us consider the following differential operator of third order

l = ∂^3 + p_1∂ + p_0 (2.1)

together with its fractional powers. This gives rise to the hierarchy of Lax equations

l_tq = [(l

q_3

)_{≥0}, l] , (2.2)

where q = 1, 2, . . .. (If we have a pseudo–differential operator O then O_{≥0} denotes its purely differential part and partial derivatives with respect to some variable are denoted by subscripts). The first nontrivial system obtained from (2.2) is the Boussinesq-system

p_{1,t2} = �p_{1,xx} + 2p_{0,x} , (2.3)

p_{0,t2} = � 2 3 p_{1,xxx} � 2 3 p_1p_{1,x} + p_{0,xx} . (2.4)

It is well–known that the Lax equations (2.2) possess two Hamiltonian structures [20–22], namely a linear structure given by

l_tq = [ l, δH δl ] ≥0 , (2.5)

where H =^3_{q+3} res ( l q+3_3 )

, and a quadratic structure given by

l_tq = ( l δH δl ) ≥0 l � l^{( δH}_{δl} l^)_{≥0} , (2.6)

where H =^3_q res ( l q_3 )

. (As usual, we denote by res(O) the residue of a pseudo–differential operator O, i.e. its coefficient of the symbol ∂^{−1}).

By working out the Hamiltonian structures (2.5) and (2.6) we obtain Hamiltonian formulations for the systems of the Boussinesq hierarchy ( p_1 p_0 ) tq = M_1 5 ( 3 q + 3 res ( l q+3_3 ) ) , (2.7) ( p_1 p_0 ) tq = M_2 5 ( 3 q res ( l q_3 ) ) , (2.8) with Hamiltonian operators

M_1 = ( 0 3∂ 3∂ 0 ) , (2.9) and M_2 = ( χ_{11} χ_{12} χ_{21} χ_{22} ) , (2.10)

where χ_{ij} = �χ^∗_{ji} and

χ_{11} = � 2 3 ∂^5 � 2 3 ( ∂^3p_1 + p_1∂^3 ) + ∂ ( p_{0,x} � 1 3 p^2_1 ) + ( p_{0,x} � 1 3 p^2_1 ) ∂ , χ_{12} = ∂^4 + p_1∂^2 + 2p_0∂ + ∂p_0 , χ_{22} = 2∂^3 + p_1∂ + ∂p_1 .

Finally, we mention that the Boussinesq hierarchy can be described by the recursion operator M^{−1}_1 M_2 [23], which links

5^(res^(l^{q+3}3^{))} =^{q + 3}_q M^{−1}_1 M2 5^(res^(l^q3^{))} . (2.11)

3 The Melnikov system and its Hamiltonian formulations

We now add a source term to the differential operator l yielding the pseudo–differential operator

L = l + ψ∂^{−1}ψ^∗ = ∂^3 + p_1∂ + p_0 + ψ∂^{−1}ψ^∗ . (3.1)

The Lax equations (2.2) is now considered with L instead of l, i.e. the dynamical equations

L_tq = [(L

q_3

)_{≥0}, L] (3.2)

are assumed. The first nontrivial system in this hierarchy reads

p_{1,t2} = �p_{1,xx} + 2p_{0,x}, (3.3)

p_{0,t2} = � 2 3 p_{1,xxx} � 2 3 p_1p_{1,x} + p_{0,xx} + 2 (ψψ^∗)_x , (3.4)

ψ_{t2} = ψ_{xx} + 2 3 p_1ψ, (3.5)

ψ^∗_{t2} = �ψ^∗_{xx} � 2 3 p_1ψ^∗ . (3.6)

Note that the variable p_0 can be eliminated from eq. (3.3) so that (3.4) becomes the usual Boussinesq–equation with a source term. System (3.3–3.6) then represents the stationary version of a system which has been introduced by Melnikov [24] as a model for self–exciting solitons.

The Hamiltonian operators for (3.3)-(3.6) are derived from the brackets (2.5) and (2.6), which are valid expressions not only for differential operators. The abstract description of the wanted Poisson structures are indeed obtained by simply replacing the differential l by the pseudo-differential L. In [25] it was shown that the resulting brackets admit a proper restriction to operators in which the pseudo-differential part is given in the special form indicated in (3.1). The technical problem of finding a suitable representation of the dual elements of δH/δl was resolved in [25] by identifying extended brackets on the space of operators supplemented by pairs of (adjoint) eigenfunctions. For operators of the form L = l + ψ∂^{−1}ψ^∗ the corresponding Hamiltonian formulations were found to be given by

l_tq = [ l, δH δl ] ≥0 , (3.7)

ψ_tq = δH δψ^∗ , (3.8)

ψ^∗_tq = � δH δψ , (3.9) and l_tq = ( l δH δl ) ≥0 l � l^{(δH}_{δl} l^)_{≥0} +^(l^{δH}_{δl} ψ∂^{−1}ψ^{∗)}_{≥0} �^(ψ∂^{−1}ψ^{∗ δH}_{δψ} l^)_{≥0} +^(l^{δH}_{δψ∗} ∂^{−1}ψ^{∗)}_{≥0} �^(ψ∂^{−1 δH}_{δψ} l^)_{≥0} , (3.10)

ψ_tq = ( l δH δl ψ ) 0 � ψD^{−1 (}ψ^{δH}_{δψ}^) + ψD^{−1 (}ψ^{∗ δH}_{δψ∗}^) +^(l^{δH}_{δψ∗}^)_0 , (3.11)

ψ^∗_tq = � ( l( δH δl )^∗ψ^∗ ) 0 + ψ^∗D^{−1} ( ψ δH δψ ) �^(l^{∗ δH}_{δψ}^)_0 �ψ^∗D^{−1 (}ψ^{∗ δH}_{δψ∗}^) , (3.12)

Here the gradient of a Hamiltonian functional H(l, ψ, ψ^∗) of a differential operator l is identified as a pseudo-differential symbol in the standard way. The subscript_0 denotes the zero-order of the operator and D^{−1} denotes the integral operation D^{−1}f(x) =^1_2 ( ∫ x −∞ f(ξ)dξ � ∫_∞ x f(ξ)dξ), which should be distinguished from the pseudo–differential symbol ∂^{−1}. For technical details of this notation we refer to [25].

For later convenience, in particular for the reduction of the Hamiltonian structures in Section 4, we reparametrize the operator (3.1) in the form

L = ∂^3 + 3u∂ + 3 2 u_x + v + ψ∂^{−1}ψ^∗ , (3.13)

with p_1 = 3u und p_0 = 3/2u_x + v. In these coordinates the first three evolution equations in the Melnikov hierarchy are given by

u_{t2} = 2 3 v_x , (3.14)

v_{t2} = � 1 2 u_{xxx} � 6uu_x + 2(ψψ^∗)_x , (3.15) ψ_{t2} = ψ_{xx} + 2uψ , (3.16) ψ^∗_{t2} = �ψ^∗_{xx} � 2uψ^∗ , (3.17) u_{t3} = (ψψ^∗)_x , (3.18)

v_{t3} = 3 2 (ψ_{xx}ψ^∗ � ψψ^∗_{xx}) , (3.19)

ψ_{t3} = ψ_{xxx} + 3uψ_x + 3 2 u_xψ + vψ , (3.20)

ψ^∗_{t3} = ψ^∗_{xxx} + 3uψ^∗_x + 3 2 u_xψ^∗ � vψ^∗ , (3.21)

u_{t4} = 2 9 v_{xxx} + 2 3 (ψ_{xx}ψ^∗ � ψψ^∗_{xx}) + 4 3 (uv)_x , (3.22)

v_{t4} = ( �^1_6uxxxx � 3uuxx �^3_2u^2_x � 4u^{3)}_x + 4(uψψ^∗)x +^2_3(v^2)x �^1_3(ψψ^∗)xxx + 2(ψxxψ^∗ + ψψ^∗_{xx})x , (3.23) ψ_{t4} = ψ_{xxxx} + 4uψ_{xx} + ( 4u_x + 4 3 v ) ψ_x + ( 5 3 u_{xx} + 2u^2 + 2 3 v_x + 4 3 ψψ^∗ ) ψ , (3.24)

ψ^∗_{t4} = �ψ^∗_{xxxx} � 4uψ^∗_{xx} � ( 4u_x � 4 3 v ) ψ^∗_x �^{( 5}_3uxx + 2u^2 �^2_3vx +^4_3ψψ^{∗)} ψ^∗ . (3.25)

We observe that (3.18)–(3.21) represents a generalisation of the Drinfeld-Sokolov system.

In order to derive the Hamiltonian operators for these equations from the abstract formulations (3.7)–(3.9) and (3.10)–(3.12) one has to identify the pseudo-differential operator representing the gradient of a Hamiltonian H(u, v, ψ, ψ^∗). One finds δH δl = 3 2 ∂^{−1} δH δv �^1_2∂^{−2 δH}_{δv} ∂ +^1_3∂^{−2 δH}_{δu} (3.26)

where δH/δu and δH/δv are the usual variational derivatives of H with respect to u and v (i.e. they are functions of the space variable x). Indeed, with l = ∂^3 + 3u∂ + 3/2u_x + v one verifies res ( dl dt δH δl ) = du dt δH δu + dv dt δH δv (3.27)

modulo perfect x-derivatives, so that the duality structure given by the operator residue corresponds to the usual duality of variational calculus. Inserting (3.13) into (3.7)–(3.9) and (3.10)– (3.12) one finds the Hamiltonian operators

M̃_1 =

0 ∂ 0 0 ∂ 0 0 0 0 0 0 1

0 0 �1 0

, (3.28)

and M̃_2 = (χ̃_{i,j} )_{i,j=1,...,4} , (3.29) where χ̃_{ij} = �χ̃^∗_{ji} and

χ̃_{11} = 2 9 ∂^3 + 1 3 (∂u + u∂) , χ̃_{12} = v∂ + 2 3 v_x , χ̃_{13} = 1 3 (∂ψ + ψ∂) , χ̃_{14} = 1 3 (∂ψ^∗ + ψ^∗∂) , χ̃_{22} = � 1 6 ∂^5 � 5 4 ( ∂^3u + u∂^3 ) + 3 4 ( ∂^2u_x � u_x∂^2 ) �3^(∂u^2 + u^2∂^) + 2 (ψ∂ψ^∗ + ψ^∗∂ψ) ,

χ̃_{23} = � 5 4 ψ∂^2 � 5 12 ∂^2ψ + 1 4 ψ_{xx} � 2uψ , χ̃_{24} = 5 4 ψ^∗∂^2 + 5 12 ∂^2ψ^∗ � 1 4 ψ^∗_{xx} + 2uψ^∗ , χ̃_{33} = � 4 3 ψD^{−1}ψ , χ̃_{34} = ∂^3 + 3 2 (u∂ + ∂u) + v + 4 3 ψ∂^{−1}ψ^∗ , χ̃_{44} = � 4 3 ψ^∗D^{−1}ψ^∗ .

By using a different approach starting from the linear problems these structures were found in [26]. The Melnikov hierarchy is given by u v ψ ψ^∗ tq = M̃_1 5 ( 3 q + 3 res ( L q+3_3 ) ) = M̃_2 5 ( 3 q res ( L q_3 ) ) , (3.30)

where the first few Hamiltonians are computed as res ( L^{13} ) = u , (3.31) res ( L^23 ) = 2 3 v , (3.32) res ( L^3 ) = ψψ^∗ , (3.33) res ( L^43 ) = 4 3 uv + 2 9 v_{xx} + 2 3 (ψ_xψ^∗ � ψψ^∗_x) , (3.34) res ( L^53 ) = �^1_9uxxxx �^5_3uuxx �^5_4u^2_x �^5_3u^3 +^5_9v^2 +^{10}_3 uψψ^∗ + 10 9 (ψ_{xx}ψ^∗ + ψψ^∗_{xx}) + 5 9 ψ_xψ^∗_x , (3.35) res ( L^{63} ) = 3u (ψ_xψ^∗ � ψψ^∗_x) + 2vψψ^∗ + (ψ_{xxx}ψ^∗ � ψψ^∗_{xxx}) . (3.36)

The recursive relation between the Melnikov flows is given by

5^(res^(L^{q+3}3^{))} =^{q + 3}_q^~M1^{−1~}M2 5^(res^(L^q3^{))} . (3.37)

4 The Drinfeld{Sokolov system

The Melnikov hierarchy possesses a nontrivial reduction

v = 0 , ψ = ψ^∗ , (4.1)

for which the Lax operator (3.13) reduces to the skew adjoint operator

L_r = ∂^3 + 3u∂ + 3 2 u_x + ψ∂^{−1}ψ . (4.2)

We remark that each second equation (3.2) with odd q survives this reduction. The reduction of the Melnikov system yields the Drinfeld-Sokolov system

u_{t3} = (ψ^2)_x , (4.3)

ψ_{t3} = ψ_{xxx} + 3uψ_x + 3 2 u_xψ , (4.4)

Its first higher flow is given by

u_{t5} = � 1 9 ( u_{xxxxx} + 15uu_{xxx} + 75 2 u_xu_{xx} + 45u^2u_x )

+ 10 3 (uψ^2)_x + 20 9 ψψ_{xxx} + 10 3 ψ_xψ_{xx} , (4.5)

ψ_{t5} = ψ_{5x} + 5uψ_{xxx} + 15 2 u_xψ_{xx} + ( 5u^2 + 35 6 u_{xx} + 10 3 ψ^2 ) ψ_x + ( 5 3 u_{xxx} + 5uu_x ) ψ . (4.6)

which represents the Kupershmidt equation [27] coupled with a source term.

The Hamiltonian formulation for this reduced hierarchy can now be found from the results for the Melnikov flows via standard techniques. The Hamiltonian functions are obtained by a simple restriction of (3.31)–(3.36) with the constraints (4.1), i.e. res ( L^{13}r ) = u , (4.7) res ( L^3r ) = ψ^2 , (4.8) res ( L^{53}r ) = �^1_9uxxxx �^5_3uuxx �^5_4u^2_x �^5_3u^3 + 10 3 uψ^2 + 20 9 ψ_{xx}ψ + 5 9 ψ^2_x , (4.9)

We note that L^{1/3}r is skew-symmetric, so that the even oder powers L^{2n/3}r are symmetric operators. Observing res(O) = �res(O^∗) for any pseudo-differential operator O one find res(L^{2n/3}r ) =

0. This corresponds to the fact that in (3.2) the constraints (4.1) are violated if q is even, so that only the odd flows reduce to the Melnikov hierarchy.

The Hamiltonian operators (3.28) and (3.29) do not allow a proper restriction to the constrained manifold (4.1). Hence Dirac reduction is invoked to obtain results for the Drinfeld- Sokolov hierarchy. For a description of this process in suitable notation we refer to [28]. However, this scheme only works for the second structure M̃_2, where the Dirac reduced operator is computed by a straighforward but lenghty calculation as M̃_{2r} = (χ̃_{r,ij} )_{i,j=1,...,4} , (4.10) where χ̃_{r,ij} = � (χ̃_{r,ji})^∗ and

χ̃_{r,11} = 2 9 ∂^3 + 1 3 (u∂ + ∂u) , χ̃_{r,12} = 1 3 (∂ψ + ψ∂) , χ̃_{r,22} = 1 2 ∂^3 + 3 4 (u∂ + ∂u) . Unfortunately the first Hamiltonian operator (3.28) can not be reduced this way, because certain matrix entries vanish.

In order to obtain a second Hamiltonian formulation for the reduced system we first consider the operator

J̃ = M̃^{−1}_1 M̃_2M̃^{−1}_1 =

D^{−1}χ̃_{22}D^{−1} D^{−1}χ̃_{21}D^{−1} D^{−1}χ̃_{24} �D^{−1}χ̃_{23} D^{−1}χ̃_{12}D^{−1} D^{−1}χ̃_{11}D^{−1} D^{−1}χ̃_{14} �D^{−1}χ̃_{13} χ̃_{42}D^{−1} χ̃_{41}D^{−1} �χ̃_{44} χ̃_{43}

�χ̃32D^{−1} �χ̃31D^{−1} χ̃34 �χ̃33

. (4.11)

As M̃_1 and M̃_2 are compatible Hamiltonian operators, the operator J̃ is symplectic. The pull– back of the operator J̃ to the constrained manifold given by (4.1) is described by the matrix

J̃_r = (η_{ij})_{i,j=1,2} , (4.12)

where η_{ij} = � (η_{ji})^∗ and

η_{11} = D^{−1} ( �^1_6∂^5 �^5_4^(∂^3u + u∂^{3)} +^3_4^(∂^2ux � ux∂^{2)} �3^(∂u^2 + u^2∂^) + 4ψ∂ψ^) D^{−1} ,

η_{12} = 2D^{−1} ( 5 4 ψ∂^2 + 5 12 ∂^2ψ � 1 4 ψ_{xx} + 2uψ ) , η_{22} = 4 ( 1 2 ∂^3_x + 3 4 (u∂ + ∂u) + 4 3 ψD^{−1}ψ ) . Thus we obtain the following two Hamiltonian formulations of the reduced system ( u ψ ) t_2n_{+1}

= M̃_{2,r} 5 ( 3 2n + 1 res ( L^2

n+1_3 r )) , (4.13) and J̃_r ( u ψ ) t_2n_{+1}

= 5^{( 3}_{2n + 7}res^(L^{2n+73}r^{))} , (4.14)

while its Lax representation becomes

L_{r,t2}n_{+1} = [( L^2

n+1_3 r ) ≥0 , L_r ] . (4.15)

It has been checked by symbolic computations that M̃_rJ̃_r provides a hereditary recursion operator. Hence, further Hamiltonian structures of the Drinfeld-Sokolov may be constructed by applying this recursion operator to M̃_r.

5 A symmetry constraint

In this section we regard the Melnikov system as a symmetry constraint of the KP hierarchy. The pseudo-differential operator underlying the KP hierarchy is usually written in the form L_{KP} = ∂ + u_2∂^{−1} + u_3∂^{−2} + u_4∂^{−3} + . . . . (5.1) and the nonlinear evolution equations for the coefficients u_2, u_3, . . .... are obtained from the Lax equations

L_{KP,t}n = [(L^n_{KP} )_{≥0}, L_{KP} ] . (5.2) with n = 1, 2, 3, . . .. In particular, the field u = u_2 satisfies the KP equation

4u_{tx} = (u_{xxx} + 6uu_x)_x + 3u_{yy} (5.3) with x = t_1, y = t_2 and t = t_3. The Melnikov hierarchy is obtained by imposing the constraint (L_{KP} )^3 = L = ∂^3 + 3u∂ + 3 2 u_x + v + ψ∂^{−1}ψ^∗ (5.4) which converts (5.2) into (3.2) with q = n/3 and t_q = t_n. Via this constraint all variables u_2, u_3, . . . are expressed in terms of the fields u, v, ψ and ψ^∗ of the Melnikov system, one finds L_{KP} = ∂ + u∂^{−1} + ( �^1_2ux +^1_3v^) ∂^{−2} +^{(1}_6uxx � u^2 �^1_3vx +^1_3ψψ^{∗)} ∂^{−3} + . . . . (5.5)

from which the relations u_2 = u, u_3 = �u_x/2 + v etc. are obtained.

The evolution equations (5.2)/(3.2) imply that ψ and ψ^∗ evolve according to ψ_tn = (L

n_3

)_+ψ , (5.6) ψ^∗_tn = �(L

n_{3 ∗}

)_+ψ^∗ , (5.7) so that these fields may be regarded as (adjoint) eigenfunctions of the KP hierarchy. It is easy to see that the KP flows (5.2) with n = 3 imply

u_{t3} = (ψψ^∗)_x . (5.8)

It is known that the derivative of squared eigenfunctions may be considered as a symmetry of the KP hierarchy. In this sense the Melnikov system is a symmetry reduction of the KP hierarchy via (5.6)–(5.8).

One interesting implication of this connection between the Melnikov system and the KP hierarchy is that solutions of this 1+1 dimensional hierarchy give rise to solutions of the 2+1 dimensional KP equation (5.3) and its higher flows. Solving simultaneously the first two flows (3.14)–(3.17) and (3.18)–(3.21) one finds a solution u of (5.3).

References

[1] V.E.Zakharov, S.V. Mahakov, S.P. Novikov, L.P. Pitaevski, Theory of solitons, Nauka, Moscow (1980). Physica D, 3, 73, (1981).

[2] H.Airault, H.McKean, J.Moser, Commun. Pure Appl. Math. 30, 95 (1977). [3] D.V.Chudnovski, G.V.Chudnovski, Nuovo Cimento B 40, 339 (1977). [4] H.Flaschka, in Nonlinear integrable systems – classical and quantum theory, ed. M.Jimbo and T. Miwa, World Scientific, Singapore, 39 (1983).

[5] C.S.Gardner, J.M.Greene, M.D.Kruskal, R.M. Miura, Commun. Pure Appl. Math. 27, 97 (1974).

[6] C.W.Cao, Henan Science 2, 2 (1987); Science in China (Scientia Sinica) 33, 528 (1990). [7] Zeng Yunbo, Li Yishen, J.Math.Phys., 30, 1679 (1989); 31, 2835 (1990). [8] Zeng Yunbo, Li Yishen, J.Phys.A, 23, L89 (1990). [9] Z. Gu, J.Math.Phys., 31, 1374 (1990).

[10] O. Ragnisco, S.Rauch–Wojciechowski, Inverse Problems 8, 245 (1992). [11] S.Rauch-Woijciechowski, Phys. Lett.A, 160, 149 (1991). [12] M.Antonowicz, S.Rauch-Woijciechowski, J.Math. Phys. 33, 2115 (1992); [13] M.Antonowicz, Phys. Lett.A, 165, 47 (1992). [14] A.J. Orlov, Preprint IINS 04103, Moscow (1991). [15] B.G.Konopelchenko, W.Strampp, Inverse Problems, 7, L17 (1991). [16] B.G.Konopelchenko, J. Sidorenko, W.Strampp, Phys. Lett. A, 157, 17 (1991). [17] Y. Cheng, Y. Li, Phys. Lett. A, 157, 22 (1991); J.Phys. A, 25, 419 (1992). [18] Zeng Yunbo, J.Phys.A, 24, L1065 (1991).

[19] J. Sidorenko, W. Strampp, Inverse Problems, 7, L37 (1991).

[20] I.M.Gelfand, L.A.Dikii, Func. Anal. Appl., 10, 259 (1976). [21] M.Adler, Invent. Math. 50, 219 (1979).

[22] M.A.Semenov-Tian-Shansky, Func. Anal. Appl., 17, 259 (1983). [23] W.Strampp, W.Oevel, Lett. Math. Phys., 20, 195 (1990).

[24] V.K.Melnikov, Phys. Lett. A, 118, 22 (1986); Lett. Math. Phys., 7, 129 (1983); Commun.

Math. Phys., 112, 639 (1987); Commun. Math. Phys., 120, 451 (1989); [25] W.Oevel, W.Strampp, Constrained KP hierarchy and bi–Hamiltonian structures. Commun. Math. Phys., to appear.

[26] Y.Cheng, J. Math. Phys., 33, 3774 (1992). (1992). [27] A.P. Fordy and J. Gibbons, Phys. Lett. A 75, 325 (1980). [28] W.Oevel and O.Ragnisco, Physica A 161, 181-220 (1990).